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Let the integers (»,)} , 1 < v < r, be fixed. We show that there exists a quadrat-
ure formula with nodes a < x;* << -+ < x,* <= b of multiplicities v, ,..., v, ,
respectively, which has a minimal error in the Sobolev space Wx[a, b] among all
quadratures with nodes (x)}, @ < x; <¢ - <X x, < b, of the same multi-
plicities (v)7 .

1. INTRODUCTION

Let F be a class of sufficiently smooth functions defined in the interval
[a, b]. The various variants of the problem of ‘“‘optimal” approximation of
the integral I( f) = _fZ f(t) dt on the basis of a preassigned number of values
of the integrand and its derivatives could be covered by the following two
general formulations.

Let v ,..., v, be given positive integers. Construct a quadrature formula
of the form

n vp—1

If)~ 3 Y anfPx) (L.1)

k=1 A=0

which has
(i) as high a degree of exactness as possible;

(i) a minimal error in the class F.

Problem (i) is a classical one. In the case v, = --- == p,, = | it has been
solved by Gauss. The case of an arbitrary system of multiplicities (v,)7 was
studied by Tschakaloff in his remarkable work [1].

Sard [2] and Nikolskii [3] opened up a wide field of investigations devoted
to problem (ii). In this paper we consider the question of existence and charac-
terization of the solution of problem (ii), treating as avialable parameters

262
0021-9045/78/0223-0262$02.00/0

Copyright © 1978 by Academic Press, Inc.
All rights of reproduction in any form reserved.



OPTIMAL QUADRATURE FORMULAS 263

both the coefficients and the nodes with fixed multiplicities. This question,
which is central to the theory of quadrature formulas, has been attacked by
many authors. Their efforts succeeded mosthly in the case when £ is a class
of analytic functions (see [4-6]).

In recent years, the Sobolev spaces W ,[a, b],

W, la, b) := {fe C™a, b]: f~V abs. cont., f7 € L [a, b]}

became a touchstone for almost every new method in the theory of approxi-
mation. In spite of the importance of the existence problem and the popularity
of the Sobolev spaces, the existence of optimal quadrature formulae of
fixed type is known (see [7]) only in the special cases r = 1,2 (1 < p << ),
or = ' =y, =v, v=r—Lr—2 ({(A<Lp<Koo,r=1,2..).
Schoenberg [8] and Karlin [9] announced without proofs existence and
uniqueness theorems for the class Wy'[a, blinthecase v, = - = v, = 1, 2.
(The existence was shown by Powell [10].) The existence of optimal quadrature
formulas with simple nodes (i.e., vy = - = v, = 1) was proved recently
for the classes W,” (r = 1,2,...,1 << p < ) of periodic functions (see
[11, 12D.

We show here the existence of optimal quadrature formulas in the class
W.[a, b] for any admissible choice of the multiplicities of the nodes. The
main result of our paper was announced in [13].

2. DEFINITIONS AND PRELIMINARY RESULTS

Let [a, b] be an interval of the real line and let r be a positive integer.
Everywhere in this paper we shall write

< (x1 yoers xn) @.1)

Vi yeeey Vp

to denote that x is a system of nodes (x;)7 with corresponding multiplicities
(vp)ysuch that N = v; + -+ + v, = rand

N

<XI<“'<xn b,

a
1<Vk<r, k

—

yerey M.

Let us denote by Q(v, ,..., v,) the set of all systems x of the form (2.1).
Given x € (v, ,..., v,), we shall study the methods of approximation of the
integral I( f) in the class W ,"[a, b] which use only the information 7(x; f) :=
{f ™), k= 1,.,8,A=0,.,v, — 1}. Evidently any such method S is
defined by a transformation of the set {7(x; f): f€ W_[a, b]} into R. Denote
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by S(f) the approximate value of /(f) given by the method S. We set, for
simplicity of notation,

W —= {fE W'Ir[a’ b]: \f(r) 313:) :;"\:' l}
(I f11,, will denote the L,-norm of fin [a, b], 1 < p <0 o). The quantity
R(S; x) = sup{| I(f) — S(f): fe W}

is called the error of the method S in the class W, [a, b]. Let us denote
R(x) = inf{R(S; x): S}, where inf is extended over all admissible methods
of approximation of the integral I(f) that use only the information 7(x; f).
The method S, for which R(S, ; x) = R(x) is said to be a best method of
integration in the class W,[a, b] on the basis of the information 7(x; f). It
follows from a general result of Smolyak [14] (see also [15] for the proof)
that for every system xef2(v,,...,,v,) there is a linear best method of
integration; i.e., there exist coefficients a == {a,,} such that

R(x) = sup{| I(f) — S(a, x: ): fe W},

where

7 vp—1
S(b, x5 ) = 3, 3, buaf P(x).
k=1 A=0
The coefficients a = a(x) are said to be best for the nodes x. Smolyak [14]
has also proved that

R(x) = sup{(f): /€ W(x)}, (2.2)

where W(x) = {fe W:fP(xp) =0, k= 1,.,n, A=0,.,v— 1}, Now
it is easy to see that R(x) <C const for every x € (v ,..., v,). Indeed, let
t ,..., t, be the first 7 points in the sequence of nodes

X = (Xl seres X1 5 Xos ooy Xpg 5 X °°° xn)-
e ——
vy n

By Newton’s interpolation formula
J@) =@ —1) (=1t tiss 1] 23)

for every fe W(x), where g[7,,..., 7] denotes the divided difference of g
based on the points 7 < 7, < -+ < 7, . It is well-known (see [16] or [17])
that

§lro oo Tl = [ (T3 7y s 7)) .4

«
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for every g € W,'[a, b, where u(t) = u(t; 74 ,..., 7) is the divided difference
of the function (- —#)7~'/(m — 1)! at the points 7, ,..., 7,, . Moreover,

u(t) > 0 for t € (vq, 7o),
u(t) = 0 for t ¢ [7y, Tnl, (2.5)

fbu(t)dt = 1/m!

a

Then, it follows from (2.3)—~(2.5) that sup{f(¢): fe W(x)} << (b — a)7/r! and
consequently, in view of (2.2),

R(x) < (b — a)YYr! 2.6)

for every x € 2(vy ,..., vy,)-

The estimate (2.6) implies that the best method must be exact for all poly-
nomials of degree less or equal to r — 1. For this reason we shall consider
here only methods of the form

I(f) ~ S(b, x; f) @7
with coefficients b satisfying the requirement
I(P) = S(b, x; P) (2.8)

for all Pe,_;. Here as elsewhere in this paper, ,, denotes the class of
polynomials of degree m or less.
Hereafter we shall often be concerned with monosplines of the form

( . )7 n vp—1 )r——/\—l
Mb,x; 1) === ¥ bm—_)—jl—), 29
k=1 A=0 *

satisfying the boundary conditions
MO, x;a) = MIb,x;6) =0, j=0,.,r—1 (2.10)

There is a simple one-to-one correspondence between quadrature formulas
and monosplines (see [8]). We shall briefly recall it here. Assuming that the
coefficients b satisfy the requirement (2.8) and making use of Taylor’s
interpolation formula

1) =3 L8 = ar + oy

[ o= omsowa
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we obtain the identity

~b
I(f) — S(b, x: f) = | M(b,x; ) f"(r) dt (2.11)
for every fe W, [a, b], where the monospline M(b, x; t) satisfies (2.10).
Conversely, an arbitrary monospline (2.9) together with (2.10) induces a
quadrature formula (2.7) which is evidently exact for fem,_, . Application
of Schwarz’ inequality to (2.11) gives

HI(f) — S(b, x; f)] <J’b ' M(b, x; t)] dt (2.12)

for every fe W, provided b satisfies (2.8). Moreover, the equality in (2.12)
holds only for functions fe W such that

FU(t) = sign M(b, x; t), t € [a, b]. (2.13)

By virtue of the optimality of the linear methods and the exactness of the
best method for the class 7,_; , we conclude from (2.12) that

R(x) = min {|| M(b, x; -)[; : b satisfies (2.8)}

1 M, x: )y 219

where the coefficients a are best for the nodes x. So, the problem of construc-
tion of best quadrature formula with fixed nodes x reduces to the problem of
best L,-approximation of zero by monosplines of the form (2.9) satisfying
(2.10).

The extremal element a in (2.14) is not unique in general. But it is a well-
known fact in the theory of approximation that the function sign M(a, x; )
is one and the same for all extremal systems a(x). Denote it by (x; t).
Since the monosplines have finite number of zeros, equality (2.13) shows
that

() = f(x; 1), t € {a, b], (2.15)

for fe Wiff | I(f) — S(a, x; f)| = R(x).
Let the multiplicities (v;)7 be given satisfying the inequalities

1 <ve<r, k=1,.n (2.16)
DErFINITION. We call the nodes x € vy ,...,v,) optimal of the type
(1 5.y V) 10 the class W a, b] if
R(x) = inf{R(Y): y € 2(vy 50, i)} =: E(vy 5ues V).

Also, the best quadrature formula for the nodes x is said to be optimal of the
type (vy ,..., vy} in Wy'la, b].
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For each system of multiplicities (v,); satisfying (2.16) we shall demonstrate
that a x € (v, ,..., v,) can be found such that R(x) = E(v, ,..., v,). We shall
use a known existence theorem for best spline approximation with free knots
(see [18]). In order to simplify our approach we introduce some notation.

Let us set

Qv={ = (11,0 )eERVa <7 < <7y < B
With every point y € £, we associate a system of nodes B,(y) in the following

way: If y has m distinct coordinates y, < --- <C y,, with multiplicities
P1 s---s P » TESpECtively, then

By = () . "),

where p; = min(py, 1), k = 1,..., n.

We shall write || y| instead of max;c.<y | 7, | for each point
Y = (71 5o, Ti) E RN

Denote by (v, ,..., v,) the “closure” of (v, ,..., v,), i.e., the set of all
systems y, for which there exist y € 2, and a sequence {y*9}, in (v, ,..., v,,)
such that lim,.. || y*? — y| = 0 and y, = B,(y). We shall show that

inf{R(y): y € Q(v, ,..., v,)} = inf{R(Y):y € Qv ,..., v,))}. (2.17)

First we prove an auxiliary result.

LEMMA 1. Let {@p\"p_, be a linarly independent set in linear normed
space H for m = 0, 1,.... Let the real matrices

be given such that the determinant 4™ of the first r columns of B, is not zero
Jor m = 0, 1,.... Suppose that

lim |6 — b | =0, [I=1,.rj=1,.,n,
m-—e@
lim | i — @i Iy = 0.

Denote by A,, the set of all real vectors a = (a, ,..., a,) such that B,a = 0.
Let fe H and

0 < E™ .= inf Hf— > akcpi’”) ” Tae Amg <C
k=1 H

Jor m = 0, 1,.... Then E® = lim,,_, E™.

640/22/3-6



268 B. D. BOJANOV

Proof. Since A™ £ 0, there exist linear functions [™(4, ,..., t ),
k = 1,...,r, such that a, = "™ (a,.; ,o.., an), k = 1,.., 7, m = 0, 1,..., for
all ae 4, and {I{"(t,,..., 1,_,)} converges uniformly to (¢, ..., t,_,) on
the unit ball of R Let EM™ — ||f—3, LaMel™ g, m=0,1,..
Note that

r

“f— Z (m)(cﬂl seers Cp) (f(M) “ ¢ ‘P;cM) H
k=1 k= r+1

E™ — inf

2 (Criq 5eees Cn) E RPTY (2.18)

Our first claim is that the sequences {a{"}n_,, k = 1l,..., n, are bounded.
Indeed, it follows from the equivalence of the norms in span{g{™.,..., 7™
that there exists a constant C; > 0 such that

. (m)
p = max | " | < Cob s

where 0,, = | f — Yy, @i ¢\ | . Evidently, there is an index m, such
that m > m, implies

‘ 1
max || ‘P§cm - ‘Pz(cO) g < Lol
1

1<k<n

Then, we have

f Z a(m) (m) t + am/z

a, < C

for m > m, . Consequently a,, << 2C,C. Hence, after going to a subsequence
if necessary, we may assume that

lim ™ = o, k= 1,...,n
m— o0
Next, according to (2.18),
r
E,‘[")zﬂf— y 1@ a™) ¢ Z afm g ”
k=1 Te=r+1

“f Zl(m) 7(3)1 (0)) (m) Z a(o)cp(m) H

k=r+1
Therefore
n
,]nl_l;?o E(m) ”f 2 lk (‘xr+1’ . &) (P(O) z o (P(o) < E:lo)
k=r+1

and our assertion follows.
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We recall that a(y) denotes a system of best coefficients for the nodes
y in the sense of (2.14). With every x € 2(»,,..., v,) We associate the set
Qx) = {yeQy:[Ix —yl < 4dx}, where 4Ax = § mingccn | Xer — X |,
Xg == @y Xpyq1 = b.

LeEMMA 2. Let the multiplicities (vi)}; satisfy (2.6) and let {y*'} be a sequence
in vy ..., v,) such that

lim || y — x| = 0

Jor some x € 82, . Suppose that X has m distinct components a << x; < -+ <
Xy << b with multiplicities p, ,..., pm , respectively. Let p; = min(py, r),
k = 1,...,m. Then the sequence {M(a(y™), y¥; t)}¥ converges uniformly to
a monspline M(¢) of the form

— ) n o ugp—1 k_tr/\l
M(I)A( ) _1;1 /\Zo k/\"_'——‘-_‘(x )\)—1)!

on each compact subset of [a, b1\{Xy,..., Xn}. Moreover, the coefficients
¢ = {cu\} are best for the nodes B.(x).

Proof. The first (essential) part of our statement is proved in [18]. In
order to derive it from [18], one needs only observe that the sequence
{Il M(a(y®), y@; )i} is uniformly bounded (see (2.6)). It remains to prove
that the coefficients ¢ of M(¢) are best for the nodes B,(x). To show this we
shall apply Lemma 1.

Without loss of generality we may assume that ||y — x| << dx for
i =1,2,... Denote by y1,..., y,ﬁf),k the coordinates = of the point y® € 2,
for which | xp — 7| < Ax. For simplicity let us set

y(x; ) = (x — )7 H(r — D,
yYilt) = (8%/0x*) y(x; 5 1),

ya() = y[yE ey yi1 5 1),

1t is easily verified (see [19]) that

lim | A1 73 — yualh =0

for k = 1,....,m, A =0,..,u, — 1. We rewrite M,(t) = Ma(y?), y9;¢)
in the form

b—t' oot D G
Co0 5% My,

k=1 A=0

M1) =
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Let the monospline

- (b — l)’ e @

My1) = -y Z Apyia(t)

k=1 A=0

have a smallest L,-norm among all monsplines of the same form with variable
coeflicients satisfying the boundary conditions (2.10). Evidently

I Ml < | MG, P= 1,2, (2.19)

On the other hand, applying Lemma 1 for H = L,[a, b], {¢{"} = {Aly{2},
i=12..,{¢ = {yn}, and

m u—1

A;=jacRN: I(g;) = z Z ak)tgj[ykla VA A+1] for gi(t) = v/,

=1 A=0

J= 0,1 — l§

we get ) N
hrg M [l = | M(a(x), x; iy -

Then (2.19) implies || M [|; = || M(a(x), x; -)|l; . The proof is completed.
As an immediate consequence of the above lemma and the relation
R(x) = || M(a(x), x; )i, we get (2.17).

3. PROPERTIES OF THE EXTREMAL FUNCTION

First we recall that a perfect spline of degree r with knots £, << -+ < &,
is a function of the form

7—1 I
Y att + C(ITJF 2y (1)~ f):),
=0 =1

where q, ,..., @,_; and ¢ are real constants. The following lemma (see [22])
is a simple consequence of the main result in [20] (see also [21]).

LemMmA 3. For every system of nodes x € §(v, ,..., v,) there exists a unique
(up to multiplication by —1) perfect spline ¢(xX; t) of degree r having at most
N —r knots in (a,b) and satisfying the relations ¢(x;t) e W(x),
I (% oo = 1.

We need the following simple facts noted first in {22].

LemmA 4. Let x€ Q(vy ,..., v,) and let (£)° be the knots of ¢(x;t). If
vy = F for some 1 < m < n then x, ¢ (£1 yeees Ex)-
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Remark 1. Repeated application of Rolle’s theorem shows that ¢(x; )
has precisely N — r knots and precisely N zeros, counting multiplicities.
Therefore o(x; ) 5= 0 for ¢ # x; and ™(x;x,) # 0, i = 1,...,n.

LemMMA 5. Let x € Q(vy ..., v,,). Then

FOl < Texs)l,  t€la,b],
Jor every function e W(x).

Further we shall often assume that the multiplicities (v;)7 satisfy the
requirement

1 <v, <, k=1,..,n;
3.0

ifv, <r then v, is an even number.

Equation (3.1) will be referred to as evenness condition.
Now using the known result stated above we shall prove the following

LeEMMA 6. Let the multiplicities (v,)7 satisfy (3.1). Then, for every system
of nodes x € $vy ,..., v,) there exists exactly one function F(x;t)e W(x)
such that R(x) = | Z F(x; t) dt. Furthermore

(@) |F"(x;t)] = 1 for each t < {a, b];

(b) F"x;t) has precisely N — r sign changes when r is an even number
and N — r + j changes when r is odd, where j is the number of the multiplicities
in the sequence vy ,..., v, which are equal to r;

(¢) F(x;t) > Oforallté¢(xy,..,x,);

(d) The function F¥)(x; t) is discontinuous at x;, if r is an odd number
and vy, = r;

(e) F®(x; x,) > O when v, is even.

Proof. We shall show that F(x; t) = | ¢(x; t)|. First we observe that the
function F(x;t) defined as above belongs to the class W."[a, b]. Indeed,
F(x; t} has the same differential properties as the function ¢(x;?) at every
t € [a, b] excepting the points at which @(x; ¢) changes its sign. Evidently,
this occurs only for t = x;, when v, is an odd number. According to assump-
tion (3.1), v, is odd iff v, = r and r is odd. In this case, x, is a point of dis-
continuity of F")(x; t). By virtue of Lemma 4, x; does not coincide with any
knot of (x; 1), i.e., x;, is an additional, newly introduced knot of the spline
F(x; t). This proves properties (b) and (d). We see also that

FOx; x, +0) = FO(x; x, —0) = 0 for A =0,.,r—1

640/22/3-7
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if v, == r. This implies that F(x; ¢) ts r — 1 times continuously differentiable
at the point x, . Hence, F(x; -) € W,"[a, b]. Adding the equalities

FOx; x;) = 0, k=1..,n A=0,.,v,—1,

we conclude that F(x; -) € W(x).
Assertions (a) and (c¢) follow at once from the definition of F(x; ).
Next, making use of (2.2) and Lemma 5, we obtain

R0 = sup 1(f) : fe W} < || | qx: ) .

Since F(x;t) = | p(x; t)] € W(x), we get R(X) = fz F(x;t)dt. Let us assume
that there exists another function F; € W(x) for which R(x) = I(F}). Thus,
there is a point 7, € [a, b] such that | Fi(£)i > | ¢(x; f)l. This inequality
contradicts Lemma 5. The uniqueness of the extremal function is proved.

It remains to show that F(x; ‘) satisfies (e). Clearly, F"(x; x;) # 0 for
even v, , by Remark 1. Now suppose that F®*¥(x; x;) << 0 for some even v;, .
Therefore, there is a positive number e such that F®¥(x;t) <0 for
t€[x; — €, x;, + €]. Then, using Taylor’s formula, we get

¢
F(x;t) = ”—,1"1')7 f (t— 7)2“'1F(”")(x; 7ydr <0

E’,’

for each ¢ € [x; , x; € €], which contradicts (c). This completes the proof.
Next we show a continuous dependence of F(x; ) on the nodes x.

LEMMA 7.  Let {y"™} be a sequence in §2,, such that the multiplicities of the
nodes in y'™ (m == 1, 2,...) satisfy the evenness condition (see (3.1)). Suppose
that lim,,_, || y"™ — x!' = 0 for some x € Q. Then

lim | f(y™; +) — J(Bu(x); )1 = 0,

n—oc

lim || FO(y™: ©) — FO(B,(x); )l clo,e1 = 0

for j=0,.,r—1.

Proof. The first assertion is an immediate consequence of Lemma 2.
Now we shall prove the second one. By Taylor’s interpolation formula

| PP — Pl <L FP(x: ) — FOG™; x)]

— r—A—1 b
b [ e = oo
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where

POy =Y FOG a)t — apkl,

r—1
P (1) =Y FO(y"™; a)(tr — a)/k!.
k=0

Since F(y'™; t) € W(y"™) and F(x; t) € W(x) we have
| FO(y™; xp) — FO(X; xp)l < Cllx — y™ |

for A == 0, 1,..., min(v,, r) — 1, where C is a positive constant. In addition,
as we note,
lim || FIO(x; -) — FO>y™; ), = 0.

Therefore, there exists m, > 0 such that

| PO(x,) — PO(x )l <2C[ix — y™ | (3.2)

for all m =>m, and k = l,.,n, A = 0,., min(v;, r) — 1. Since
N =y, + -+ v, = r, inequality (3.2) implies
lim | P — Py llctan) = O

and consequently lim,,_,, || P — P |lc(q5; = O for j = 0,...,r — 1. Then
our assertion follows at once from Taylor’s formula.

4. PARTIAL CHARACTERIZATION OF THE OPTIMAL QUADRATURE FORMULAS

THEOREM 1. Let the multiplicities (v},)} satisfy the evenness condition (3.1).
Suppose that the nodes (2.1) are optimal of the type (vy ,..., v,) in W,'[a, b].
Then a < x, and x, < b.

Proof. Let us assume that a = x; and let ¢ be an arbitrary positive
number. Observe that the change

b=t 4 _gag

T=() = b g

transforms the interval [a, b] into [@ — ¢, b]. Then the nodes

7 — (21 s zn) ’
V1 seees Vi
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where z, = 7(x;), k =~ 1,...,n, will be optimal of the type (v ,.... v,) in
W'la — €, b). Moreover, the function

b—a+ey . b-- |
O )

must coincide with the spline F(z; 7). Let R, denote the error of the optimal
quadrature formula of the type (v, ,...,v,) in W,'[a — ¢, b]. Then, from
Lemma 6,

R, = fb F(z; 7y dr = (1 — €/(b — a))""! R(x). “.n

On the other hand, the best quadrature formula with nodes x for the class
W,Tla — €, b] has an error R.(x) which, according to Lemma 6, is defined
by the formula

R~ [

a—

F(x; 1) dt = R(x) -+ (a F(x; t)dt

— R + ﬁ [Foca) - Fsae—a) - | () Frx; ) ] d.

va

Now, using the assumption ¢ = x; and the equality F'(x;x) = - =
ForD(x; x;) = 0, v, > 2, we get

@

R(x) = Rx) — } | (r—a PP T dr = RKX) 5 O().

a

This and (4.1) give for a sufficiently small e that R(x) < R., which contra-
dicts the definition of R, . Therefore a < x; . In a similar way one could show
that x,, << b. The theorem is proved.

THEOREM 2. Let the multiplicities (v)} satisfy the evenness condition (3.1).
Suppose that the nodes x are optimal of the type (v, ,...,v,) in the class W ."[a, b].
Let a = {ay,} be the best coefficients for the nodes x. Then

Qg1 = 0, Aypo = 0 if v, is even,

Qe =7 0 if v, is odd.

Proof. Suppose that v, is even. According to Theorem 1, a < x; < b.
With every real &, | h | <{ 4x, we associate the nodes

. (xl seeen Xy 5 Xgg 4— h’ Ry Xn)
Xh — .

Viseess V15 Vi s Vi1 2eves Va
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Since the x are optimal,

R(x) < R(xz). 4.2)

On the other hand F(x, ; t) € W. Therefore
v.—1
R(xp) — Y anFO(x!;x) < R(X). (4.3)
k=0

In view of assertion (e) of Lemma 6, there exists a number € > 0 such that
Fo(x; ) > 0 for all te€[x; — ¢, x;, + €]. Then, on the basis of Lemma 7,
there exist Ay, 0 < hy < 4x, and constants C; > 0, C, > 0 such that
C; < F¥(x; ;1) < C, for all telx, —e x,+ €} and | k| < hy. The
above inequalities and the condition FW(x; ; x, + A =0 (A = 0,...,r — 1)
imply

Col h %Ny, — N < FY% 5 x50l < Col B[N — DY (4.4)
In addition, obviously,

sign F* V(x, ; x,) = —sign A,

F%2(x, : x;) > 0.

4.5)

Now, let us assume for a moment that a;, ; # 0. We choose 4 to satisfy

sign b = —signa,, ;. Then, taking into account (4.4) and (4.5), we get
from (4.3)
vi—2
R(x;) — z [ ag | Cy | B ‘Vr’\/(vk — N+ g1 | Cil k| < R(x),
k=0

which contradicts (4.2) for a sufficiently small 4. Therefore a;, _; = 0.
Then (4.3) gives

vk—3

R(x;) — z faw ! Cylh |Vr/\/(Vk — !

x=0
— Gyl (Vk_2)(xh 5 X)) < R(X).

In view of (4.5), the assumption a,,, , < 0 leads to contradiction. Therefore
ay,,,—» = 0. Let us assume that a;, _, = 0. Consider the nodes

z— ( X1 gevey Xp1 5 X s X 50009 X )

Visees V15 Ve ™~ 23 Vit1 seees Vi

Since ay,,, 1 = @, » = 0, we have R(z) = R(x). Then I(F(x; -)) = I(F(z; *)).
This implies F(x;t) = F(z;t), according to the unicity of the extremal
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function F(z;t). On the other hand, by Lemma 6. F“+2(z;x;) s 0,
Fui(x; x,) = 0. The contradiction completes the proof.

It remains to show that @, , ; > 0 if v, is an odd number. In this case
we consider the function F(y; t) for

y == ( N s X1 5 Xy Xprq aeees Ay )
¢ Vi geoey Vpeq s Vi — 1y Vpoq seeea Yy

Evidently F(y; t) € W. Then

R(Y) — @ 1 F Y (y; x,) < R(X).

But »;, — 1is an even number. Then, according to Lemma 7, F*Y(y; x;) > O.
Now, assuming that a;, _, < 0, we get R(y) < R(x), which is impossible
since

Ry) = [ Fty:oydi < [ Foc di = Rev.

va

The proof is complete.

5. EXISTENCE
First, we shall prove an auxiliary lemma.

LemMMA 8. Let h be an arbitrary positive number and fe C'[r — h, 7 -~ k).
Suppose that [ has exactly v zeros in [r—h, v+ h] and f(r — h) =
fe+n=0 If 0O<m<fOt)y<<M for all te[r —h, 7+ h], then
B — o > m A Mr! 2732 - h, where «,f8 are the zeros of fU2(¢) in
[r— &, =+ H].

Proof. By Rolle’s theorem f () has exactly r — k zeros in [7 — &, 7 + h].
Denote them by {t,;}/=% (ty1 < ==+ < ty.r—1)- Evidently f®(x) = fsz FE(E) dt
for k < r — 2 and consequently

max [ fO0)] (e — ), _max N (S0)

I SXSy g $1,1 SOy gt
Let £ be the unique zero of f~V(¢) in [t — &, 7 + A]. Then

max | frB(x) | = [ € | < (B — o) M4

a<{x<B

If 1,y < € < tyrp With k = 0,..., r — 2, then repeated use of (5.1) gives

[fRE] < Qhy =B — ) M4, k =0,.,r—2. (5.2)
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Now suppose that £ << 7. By Taylor’s formula

r—1

169 = 3 190 — P! + oty [T = oo dr

k=1

Next, using (5.2) and the assumptions of the lemma, we get for x > =,

109 > 5 [ = oy Z SOOI x — £ kY
S m(x — Y el — M(B — o) Q-

In the special case x = 7 + h, the above inequality gives 0 = f(= + h) >
mhrfr! — M(B — «)*(2h)™% and our assertion follows immediately.
Now suppose that = <C €. Let x <{ 7. In a similar fashion we obtain

f(x) < —m(r — x)fr! -+ M(B — «)?Qh)2
for odd r, and
J&x) > m(x — o)fr! — M(B — «)*(2h)*

for even r. This, together with the assumption f(r — A) = 0, yields
M(B — «)*(2h)"~2 > mh'/r]. The lemma is proved.

THEOREM 3. Suppose that r and N are arbitrary positive integers such that
N = r. Then for every system of multiplicities (v,)} satisfving 3p_y vy — N,
1 < v <1, k= 1,.., n, there exists an optimal quadrature formula of the
type (vy ..., vy,) in the class W'[a, b). Furthermore, the coefficients a = {a;,}
of the optimal quadrature formula satisfy the relations

E— 2, for even v, ,

ak,vk—l = 09 ak,i > 0, ] = 03 25"-5 v
ji=0,2,.,v,— 1, for odd v,, .

ak.j > 0,

Proof. First we consider the case when the multiplicities (v;)7 satisfy
the evenness condition (3.1). Let {y*}7 be a minimizing sequence in
vy ,..., vp), Le., such that lim,,,, R(y®) = E(v,..., v,). After going to a
subsequence if necessary, we may assume that lim,., || y'*¥ — z| == 0 for
some ze 2y . Suppose that z has m distinct components x; < -+ << X,,
of multiplicities py ,..., p,,, Tespectively. Let us set p;, = min(p,, r),
k=1,.,m. Set x= BJ(z). By virtue of Lemma 7, E(v,..,v,) =
lim,_, Ry?) = R(x). According to (2.17), R(x) < R(¥),y e 2(v, ..., v,).
Since Q(u; 5-eer i) C BW; »..., v,,) We see that the nodes x are optimal of the
type (uq ,..., #m)- Then, by Theorem 1, a < x; < -+ < x,,, < b. Evidently
m < n. Letus assume that m << n. Then, thereisanindexk, 1 <k <m — 1.
such that py, = vy + vpy + -+ + vy,; for some j = 1. We observe that
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max(vy, ,..., vuqy) <o r. Indeed, suppose that one of the numbers v, ..., vi., .
say v, , 1s equal to r. Then we construct the nodes

(XL e Npo s X g0 Npgg seeny X

VAL s Myt s Ve s Vigs 1 s Mpgy seees Mo/ ’
where fy & (X; 5., Xp). Since y € £2(vy ,..., v,,) we have
R(x) < R(y). (5.3)

On the other hand, in view of Lemma 5, | ¢(y; #)] < | e(x; ¢)!. Moreover,
the above inequality is strict in a neighborhood of the point #,. Then
R(y) = [0l o(y; D) dt < [o] @(x;1)|dr = R(x), which contradicts (5.3).
Therefore max(vy, ,..., vi;) << r.

Let us set ¢ = 2[(u;, + 1)/2]. Here [-] is the greatest integer function. For
any & > 0 and 7 € [x; — A, x;, -+ /], 7 being a parameter to be chosen later,
we denote by x(h) the nodes

x(h) = (x1 peres Xpe1 s T = 1, T = By Xy 5oy xm) .
Maseeos P15 Vi s @ 7= Vie s Bggg 50ees fam
We claim that for all sufficiently small values of % there exists a point
7 = 1(h) € [x — h, x;, + h] such that the function F@-1x(h);t) changes
its sign in x; . To prove this we consider the cases ¢ < r and g = r + 1
separately. Suppose that ¢ <C . Then ¢ is an even number. According to
Lemma 6, there exists € > 0 such that FO(x;¢) > 0 for all te[x, — e,
x; + €]. By virtue of Lemma 7, there exists 0 < &, << min{dx, ¢/2} such that

Foxxh); t) > 0 (5.4

forallt € [x; — €, x; + eland A <C A, . Since F(x(h); t) has g zeros in [t — A,
7 - h),Rolle’s theorem and (5.4) imply that FW(x(h); t) has precisely ¢ — A
zeros in [t — h, 7 -+ h] for every h < hy and A = 0,..., ¢. Now suppose that A
is fixed and & < A, . Denote by &(7) the unique zero of the function
Fl-V(x(h); t) in [t — h, 7 + h]. It is easily seen on the basis of Lemma 7
that &(r) is a continuous function of 7 in [x, — A, x; + #]. In addition,
repeated application of Rolle’s theorem shows that &(x, — A) << x, and
E(xy, + h) > x;.. Therefore there exists a point 7€ [x; — A, x; + £] such
that &(r) = x; . Our claim is proved in the case g < r. No'v suppose that
g = r + 1. Obviously this occurs when u; = r and r is an odd number.
By Lemma 6 there exists a number € > 0 such that F(x;¢) has no other
knots in [x; — €, x;, + €] excepting x;, . Since F(x; t) and F(x(%); t) have one
and the same number of knots, it follows easily from Lemma 7 that F(x(h); t)
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has precisely one knot in [x; — €, x;, + €] for all sufficiently small 4 (say
for all 7 < h,). Given a h, we denote by &(7) the knot of F(x(h);t) in
[x: — € x; + €]. Lemma 7 implies that £(7) is a continuous function of 7
for fixed 4. Then, as above, we show that there is a point 7 € [x; — €, x;, + €]
such that () = x, . In what follows we choose = in this way. It goes without
saying that A <C A, is assumed. We saw that the nodes x are optimal of
the type (gq ,..., #m) in the class W, [a, b]. Moreover, R(x) < R(y) for all
y € Q(v, ,..., v,,). Hence

R(x) < R(x(h)) (5.5
for all & < h,. Denote by a = {a,,} the best coefficients for the nodes x.
Since F(x(4); t) € W, we have

wi—1

f " FOx(h); ) dr — Y @ FOx(): ) < RX). (5.6)

The function FA(x(h);¢t) (A = 0,..., up, — 1) has p; — A zeros at least in
[t — A, 7+ #). In addition, F*—1(x(h);t) is absolutely continuous and
FeX(x(h); t) is bounded over [a, b]. Therefore, using Newton’s interpolation
formula one can show that there exists a constant C > 0 such that

| FO(x(h); x,)| < Ch (5.7

for A = 0,..., u; — L.
Next we continue the proof of the theorem considering the cases of even
ur and odd p,, separately. Let p, be an even number. Then g = pu; . Denote

by a, 8 the zeros of Fe-2(x(h); ¢)in [+ — h,  + k). By Newton’s interpolation
formula

Fed(x(); ) = (1 — )t — B) [ u(s; o B) FOxllh); ) s
Since FeU(x(h); x;,) = 0, we get

| Fe(x(h); x,)] = max_ | Fa-2(x(h); 1)|
— )2 .
> Q_Alﬂ arg;gs F9(x(h); t).

Now we conclude from Lemma 7 and inequality (¢) from Lemma 6 that there
exists a constant ¢; > 0 such that F@(x(h); ) > 4c, in [a, B] for all suffi-
ciently small 4. Therefore

| Fa=2(x(h); x;)| = ey(B — o). (5.8)
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According to the optimality of x we have

gy = 0, @y > 0. (5.9)

Obviously
Fla=2(x(h); t) < 0 (5.10)

in (a, B), since g is even and F(x(%); ¢t) = 0 in [a, b]. Taking into account
(5.7-(5.10), we get from (5.6), R(x(h)) -I- i —20A* + O(R®) < R(x). This
shows that R(x(h)) < R(x) for sufficiently small 4, contradicting (5.5).

Now consider the case of odd y; . Then w, = r, a = r + 1. It follows
from (5.6) and (5.7) that

R(x(h)) + ay,, FUV(x(h); x) + Oh*) < R(x). (5.1D)

The function F(x(#); t) has r + 1 zeros in [+ — A, 7 -~ /1]. By Rolle’s theorem,
F-U(x(h); t) has at least two zeros in [ — &, 7 -} k). It is easily seen on the
basis of Lemmas 6 and 7 that F"1(x(h); f) actually has precisely two zeros
in [t — h, 7 -+ k] for sufficiently small A. Let us denote them by #(#) and
t,(h). The assumption that F'"'(x(%); t) changes its sign at the point x; gives
x, = (t(h) + 6:(M)/2 and FU-V(x(h); x;) == ~—(t,(h) — t,(h))/2. Consider now
the behavior of the distance 7,(h) — () when / tends to zero. First we
observe that the spline function g(z) of odd degree r is uniquely determined
by the conditions g(¢) == 0, | g™(¢)| = 1 for all ¢; g(¢) has r + 1 zeros at
the points = — A, 7 -- k of multiplicities v, and r -+ 1 — v, respectively; g(¢)
has exactly one knot in (= — A, - h). Denote by g,(¢) the spline function
satisfying the above conditions for 7 = 0 and 4 = 1. Therefore F(x(h); t) =
hg((t — 7)/h) for t = 7 — h, [7 -- k] in view of the uniqueness of the spline g.
It follows from this relation that t,(h) — #,(h) == 8k, where & is the distance
between the zeros of g§™1(¢). Thus, we get from (5.11)

R(x(M) + ar,»—1 6k[2 < R(x).

As far as a,,_; > 0 is concerned, we obtain R(x(4)) << R(x) for sufficiently
small h. This contradicts (5.5). Hence m = n. This entails u; = »; for
i = 1,..., n. So, the existence part of our theorem is proved in the case of
multiplicities satisfying (3.1). In the general case we consider the multiplicities
pr = min(r, 2[(v, + 1)/2], k = 1,..., n. Then (u,)] are even or equal to r
and the optimal quadrature formula of the type (u;...., u,) eXists. But,
according to Theorem 2, @, , = O for p; > v,. Therefore the same
quadrature is optimal of the type (v, ,..., »,,) also.

To prove the last assertion of the theorem we need the following result due
to Micchelli [23]:
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Let M be a monospline of the form

n vi—1

M(t)———.+Zat7—§—Z Z et — xp)

=1 A=0

Then M(t) has at most r 4+ Y,_; (v -+ o;) zeros in (— oo, o) counting
multiplicities, where o, = 1 if v, is odd and zero otherwise. Moreover, if
M(t) has the maximal number of zeros in (—oo, co) then ¢ <0,
A=0,2,..v,— 1,if v is odd.

For the precise definition of a zero of multiplicity «, where « is allowed to
be as large as r -+ 1, the reader is referred to [23]. This definition is chosen
so that M changes sign if « is odd, and does not change sign if « is even.

Now suppose that the quadrature formula (1.1) is optimal of the type
(v ,..., v,). According to Theorem 2 we may assume without loss of generality
that (v,)7 satisfy (3.1). In view of Lemma 6, F(x;t) has precisely
Z = S, (v, + o) zeros in [a, b] counting multiplicities as in [23]. Then
a repeated application of Rolle’s theorem shows that F"(x; r) has at least
Z — r zeros in (a, b). But F"(x; t) = sign M(a, x; t). Adding the conditions
(2.10), we conclude that M(a, x; ¢) has at least Z -+ r zeros in (— o0, o).
By virtue of Theorem 2, M(a, x; t) can be rewritten in the form

e ro1 - n u.—1 [ . xl‘)r—/\~1
M(a, x; t):F+ ZbilZ Z Z akamﬁ)*w
: i1 ’

k=1 A=0

where u, = v, — 1+ 0, k = 1,...,n Evidently (u;)} are odd. Then
M(a, x; t) has the maximal number of zeros in (— co, o) and according to
Micchelli’s result, gz, >0 for k = 1,...,n and A =0, 2,..., v, + g, — 2.
The theorem is proved.

A careful tracing of the proof of Theorem 3 shows that we have proved
the following fact: Let the nodes x and y be optimal of the type (vy ,..., v)
and (Vg ,eees Vit s [hi 5 Visz oo Va), TESpECtively, where py, = min(r, v;, + vipy).
Suppose that u, > v, . Then R(x) < R(y). This observation implies

COROLLARY 1. The optimal quadrature formula of the type

,..., 1)

N

in the class W,[a, b] has a minimal error amont all optimal quadrature
formulas of the type (vy,...,v,) in W.,[a,bl, where [(v, + 1)/2] + - +
[(n — D/2] < N.

The main result of this paper was meanwhile extended by the author
[24] to the classes W,[a, b] (1 < p << ).
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